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Abstract: This paper presents a novel and efficient solution procedure to improve 3D solid finite
element analysis with an enrichment scheme. To this end, we employ finite elements enriched
by polynomial cover functions, which can expand their solution space without requiring mesh
refinement or additional nodes. To facilitate this solution procedure, an error estimation method
and cover function selection scheme for 3D solid finite element analysis are developed. This enables
the identification of nodes with suboptimal solution accuracy, allowing for the adaptive application
of cover functions in a systematic and efficient manner. Furthermore, a significant advantage of
this procedure is its consistency, achieved by excluding arbitrary coefficients from the formulations
employed. The effectiveness of the proposed procedure is demonstrated through several numerical
examples. In the majority of the examples, it is observed that the stress prediction error is reduced by
more than half after applying the proposed procedure.

Keywords: finite element method; enriched finite element; solution accuracy; mesh refinement; cover
function; enrichment of interpolation

1. Introduction

During the last decades, the finite element method (FEM) has been widely used for
analyzing various engineering problems and still many researchers have been devoted to
improving the accuracy of solutions [1–4]. Despite its notable success, the standard finite
element method (ST-FEM) has some drawbacks, especially in solution accuracy which
is affected by the finite element mesh and the use of linear elements such as 2D 3-node
triangular and 3D 4-node tetrahedral elements that have considerably low accuracy in
stress and strain prediction [5–7]. There are several ways to improve the accuracy, such as
increasing mesh density and adding nodes to use higher-order finite elements.

In addition, numerous studies have been carried out to overcome these limitations
of the standard FEM (ST-FEM). As a result, several numerical methods have been devel-
oped, including extended FEM (EX-FEM), enriched FEM (EN-FEM), and smoothed FEM
(S-FEM) [6–10]. EX- and EN-FEM improve the solution accuracy by supplementing their so-
lution space [11–13]. S-FEM improves the accuracy by using information from neighboring
elements [14–17].

Among numerical methods, an enrichment scheme expands the solution space by
introducing cover functions to additional degrees of freedom (DOFs) compared to the
standard DOFs of ST-FEM [18,19]. It can enhance finite element analysis solution like the
p-version of the ST-FEM but does not require additional nodes. Also, different cover
functions can be applied to each node. Therefore, the solution accuracy of the finite
element analysis result could be effectively improved through adaptively applying the
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cover function to the local region where the predictive capability needs to be improved. [19].
However, the presence of linear dependence (LD) problems has limited the use of enriched
finite elements. When the LD problem occurs, it is difficult to obtain reliable solutions
because the stiffness matrix becomes a singular matrix.

Various approaches have been proposed to address the LD problem in EN-FEM [20–22],
and effective ways to avoid the LD problem have been suggested in recent studies [23–25].
One such solution proposed by Tian involves suppressing all degrees of freedom cor-
responding to the cover function at the node where essential boundary conditions are
imposed for 3-node triangular and 4-node tetrahedral elements [20]. Kim and Lee pro-
posed the use of piecewise linear shape functions as the partition of unity functions for
geometry and displacement interpolations to effectively resolve the LD problem for 4-node
quadrilateral, 8-node hexahedral, 6-node prismatic, and 5-node pyramidal elements [23,24].
The feasibility of improving solution accuracy through the adaptive use of cover functions
was also demonstrated in these studies [24].

Several studies have proposed procedures for the use of enriched finite elements to
automatically enhance the accuracy of finite element solutions [19,25]. Kim and Bathe
proposed a method for automatically applying cover functions based on the estimated error
for each node, but their study was restricted to 2D and 3D linear elements and involved
artificial coefficients [19]. Lee and Kim presented a procedure for enhancing the analysis
accuracy in a 2D problem with a 2D 4-node quadrilateral element free from the LD problem.
This study reduced the number of artificial coefficients compared to prior studies and
demonstrated the feasibility of automatic accuracy improvement [25].

The aim of this paper is to propose a procedure that automatically enhances the accu-
racy of 3D solid finite element solutions using enriched 3D solid finite elements, including
4-node tetrahedral, 5-node pyramidal, 6-node prism, and 8-node hexahedral elements. The
proposed procedure involves an error indicator that evaluates the error in finite element
solutions for each node and a cover function selection scheme that applies cover functions
to areas requiring improved solution accuracy based on the error indicator. This enrichment
approach can enhance solution accuracy without requiring mesh refinement.

In the following sections, a brief review of the enriched 3D solid finite elements
including 4-node tetrahedral, 5-node pyramidal, 6-node prism, and 8-node hexahedral
elements with both linear and piecewise linear shape functions are provided. Then, we
present a procedure for automatically selecting nodes to apply the cover functions to and
determining the degree of cover functions to enhance the finite element solutions. Several
numerical examples are provided to illustrate the effectiveness of the proposed procedure,
and the paper concludes with a summary of the findings.

2. Finite Element Formulation Enriched by Cover Functions

In this section, we revisit the formulation of enriched 3D solid finite elements that
has a well-established mathematical background and is free from the linear dependence
problem [5,24]. Among 3D solid finite elements, we consider the 5-node pyramidal,
6-node prismatic, and 8-node hexahedral elements shown in Figure 1, which utilize a
set of piecewise linear shape functions as the partition of the unity function for each ele-
ment, and 4-node tetrahedral element based on the shape function of the standard finite
element method.

For the piecewise linear shape function of the 5-node pyramidal, 6-node prismatic, and
8-node hexahedral element, each element is divided into several tetrahedral sub-domains
using the set of points including n nodes and nquad centers of the quadrilateral faces as
shown in Figure 2.

Each set of points is assigned as the vertices of a tetrahedral sub-domain. A total of 24,
14, and 8 sub-domains are defined for the 5-node pyramidal, 6-node prismatic, and 8-node
hexahedral elements, respectively [24]. Information on the tetrahedral sub-domain for each
element is omitted for simplicity in this paper and can be found in Ref. [24]. Note that the
4-node tetrahedral element does not have a tetrahedral sub-domain.
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( , , )i i i    for each node, and (b) the natural coordinate systems for 8-node hexahedral, 6-node 
prismatic, 5-node pyramidal, and 4-node tetrahedral solid elements. 

For the piecewise linear shape function of the 5-node pyramidal, 6-node prismatic, 
and 8-node hexahedral element, each element is divided into several tetrahedral sub-
domains using the set of points including n  nodes and quadn  centers of the quadrilateral 
faces as shown in Figure 2. 

 
Figure 2. Set of points for the tetrahedral sub-domains for (a) the 8-node hexahedral, (b) 6-node 
prismatic, and (c) 5-node pyramidal element. 

Each set of points is assigned as the vertices of a tetrahedral sub-domain. A total of 
24, 14, and 8 sub-domains are defined for the 5-node pyramidal, 6-node prismatic, and 8-
node hexahedral elements, respectively [24]. Information on the tetrahedral sub-domain 
for each element is omiĴed for simplicity in this paper and can be found in Ref. [24]. Note 
that the 4-node tetrahedral element does not have a tetrahedral sub-domain. 

Figure 1. Coordinate systems for 3D solid finite elements: (a) global Cartesian coordinate system
(x, y, z), local Cartesian coordinate system (x, y, z), and nodal local coordinate systems (ξi, ηi, ζi) for
each node, and (b) the natural coordinate systems for 8-node hexahedral, 6-node prismatic, 5-node
pyramidal, and 4-node tetrahedral solid elements.
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For each tetrahedral sub-domain, the linear shape functions corresponding to node
i are given by

hn
i = (ai + bir + cis + dit)/n, (1)

in which coefficients ai, bi, and ci for the piecewise linear shape functions are not included
in this paper for the sake of simplicity, see Ref. [24] for detailed information, and n is the
number of nodes in the element.
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The interpolation of geometry for the enriched 3D solid finite elements is given by

x(r, s, t) =
n

∑
i=1

hn
i (r, s, t)xi with xi = [xi yi zi]

T, (2)

where the vector xi denotes the position of node i in the global Cartesian coordinate system
in Figure 1a, n is the number of nodes, and hi(r, s, t) is the shape function corresponding to
node i defined in the natural coordinate system in Figure 1b.

The interpolation of the displacement of the enriched 3D solid finite elements is
obtained by multiplying the shape functions with the cover functions defined in cover area
Ci as follows [5,13]:

u(r, s, t) =
n

∑
i=1

hn
i (r, s, t)

~
ui with

~
ui = [ũi ṽi w̃i]

T, (3)

where displacements ũi, ṽi, and w̃i are cover functions in the x-, y- and z-directions, re-
spectively, and the cover region Ci is the union of elements attached to node i, as shown
in Figure 3.
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tetrahedral element mesh.

The cover functions are expressed as

ũi = pi(x)u
u
i , ṽi = pi(x)u

v
i , w̃i = pi(x)u

w
i in Ci (4)

with
pi(x) = [1 ξi ηi ζi ξ2

i ξiηi · · · ξd
i · · ·],

ξi =
(x− xi)

χi
, ηi =

(y− yi)

χi
, ζi =

(z− zi)

χi
,

uu
i = [u1

i uξ
i uη

i uζ
i uξ2

i uξη
i · · · uξd

i · · ·]
T

,

uv
i = [v1

i vξ
i vη

i vζ
i vξ2

i vξη
i · · · vξd

i · · ·]
T

,

uw
i = [w1

i wξ
i wη

i wζ
i wξ2

i wξη
i · · · wξd

i · · ·]
T

,

(5)

in which p(x) is a complete polynomial basis vector for node i, the vectors uu
i , uv

i , and uw
i

are the degrees of freedom (DOFs) for the complete polynomial bases corresponding to the
displacements u, v, and w, respectively, d is the order of complete polynomial bases, and χi
is the longest edge length of elements attached to node i.
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By substituting (4) into (3), the interpolation of displacement for the enriched 3D solid
elements is given by

u(r, s, t) =
n

∑
i=1

Hn
i (r, s, t)ui (6)

with

Hn
i (r, s, t) =

hn
i (r, s, t) 0 0

0 hn
i (r, s, t) 0

0 0 hn
i (r, s, t)

, hn
i = hn

i pi, ui =

uu
i

uv
i

uw
i

 (7)

where ui and Hn
i (r, s, t) are the nodal DOFs vector at node i and the corresponding interpo-

lation matrix, respectively.
Using the strain-displacement relation, the strain vector in the global Cartesian coordi-

nate system is expressed as [1–3]

ε(r, s, t) =
[
εxx εyy εzz 2εxy 2εyz 2εzx

]T
=

n

∑
i=1

Bn
i (r, s, t)ui (8)

where Bn
i is the matrix for the relation between strain and displacement. In the local

Cartesian coordinate system, the strain vector is given by

ε =
[
εxx εyy εzz 2εxy 2εyz 2εzx

]T
= (Tε)−1

ε, (9)

with

Tε =



Q2
xx Q2

xy Q2
xz QxxQxy QxyQxz QxzQxx

Q2
yx Q2

yy Q2
yz QyxQyy QyyQyz QyzQyx

Q2
zx Q2

zy Q2
zz QzxQzy QzyQzz QzzQzx

2QxxQyx 2QxyQyy 2QxzQyz QxxQyy + QxyQyx QxyQyz + QxzQyy QxzQyx + QxxQyz

2QyxQzx 2QyyQzy 2QyzQzz QyxQzy + QyyQzx QyyQzz + QyzQzy QyzQzx + QyxQzz

2QzxQxx 2QzyQxy 2QzzQxz QzxQxy + QxyQxx QzyQxz + QzzQxy QzzQxx + QzxQxz


, (10)

in which Qxy = ex · ey is the dot product of ex and ey. Here, ex and ey are the unit vectors
in the x-direction of the global Cartesian coordinate system and in the y-direction of the
local Cartesian coordinate system, respectively. See Figure 1a.

For isotropic material, the stress vector in the global Cartesian coordinate system is
written by

σ =
[
σxx σyy σzz σxy σyz σzx

]T
= Cisoε, (11)

with

Ciso =
E

(1 + ν)(1− 2ν)



1− ν ν ν 0 0 0
ν 1− ν ν 0 0 0
ν ν 1− ν 0 0 0
0 0 0 (1− 2ν)/2 0 0
0 0 0 0 (1− 2ν)/2 0
0 0 0 0 0 (1− 2ν)/2


, (12)

where E and ν are the elastic modulus and Poisson’s ratio, respectively. For orthotropic
material, the stress vector in the local Cartesian coordinate system is given as

σ =
[
σxx σyy σzz σxy σyz σzx

]T
= Cortho

ε, (13)



Appl. Sci. 2023, 13, 7114 6 of 23

with

Cortho
=



1− vyzvzy

ExEy∆
νyx + vyzvzx

EyE_
z

∆
vzx + νyxvzy

EyE_
z

∆
0 0 0

νyx + vyzvzx

EyEz∆
1− vxzvzx

ExEz∆
vzy − vxyvzx

ExEz∆
0 0 0

vzx + νyxvzy

EyEz∆
vzy − vxyvzx

ExEz∆
1− vxyνyx

ExEy∆
0 0 0

0 0 0 Gxy 0 0

0 0 0 0 Gyz 0

0 0 0 0 0 Gzx


, (14)

∆ =
1− vxyvyx − vyzvzy − vxzvzx − 2vyxvzyvxz

ExEyEz
, (15)

in which E, G, and ν are the elastic modulus, shear modulus, and Poisson’s ratio, respec-
tively, and the subscripts of each term indicate directions in the local Cartesian coordi-
nate system.

The equations of static equilibrium for a finite element analysis are expressed as

KU = R = RB + RS, (16)

with

K =
e

∑
m=1

L(m)TK(m)L(m) =
e

∑
m=1

L(m)T
∫

V(m)

B(m)TC(m)B(m)dV L(m), (17)

RB =
e

∑
m=1

L(m)TR(m)
B =

e

∑
m=1

L(m)T
∫

V(m)

H(m)TfBdV, (18)

RS =
e

∑
m=1

L(m)TR(m)
S =

e

∑
m=1

L(m)T
∫

S f
(m)

H(m)TfSdS, (19)

where K, RB, and RS are the global stiffness matrix and load vectors, U is the vector of
the nodal DOFs, L(m), C(m), and H(m) are the assemblage Boolean matrix, the material law
matrix, and the interpolation matrix for element m, respectively. Here, the vectors fB and
fS denote body force and surface traction, respectively. The summation sign indicates the
procedure for the finite element assemblage and e is the number of elements [1–3].

3. Improving 3D Solid FE Solutions

Adaptive enrichment schemes can be an effective alternative to mesh refinement or
the use of higher-order elements for improving the accuracy of finite element solutions.
This is because repeated mesh refinement or the use of higher-order elements can be
time-consuming and require significant human effort. Adaptive enrichment schemes,
on the other hand, do not require additional nodes or elements, nor do they require
special transition elements to connect lower and higher-order elements, as seen in previous
studies [11,13,26,27]. Furthermore, the procedure can be performed automatically using a
suitable cover function selection scheme.

The initial development of an automatic procedure that improves solution accuracy
was carried out by Kim and Bathe [13]. This procedure starts with a finite element analysis
that yields insufficiently converged solutions. The procedure utilizes an error indicator to
evaluate the error at each node and applies the appropriate degree of cover functions to
selected nodes based on a cover function selection scheme.
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The authors outlined several requirements for an efficient implementation of the pro-
cedure, including computationally efficient error indicators that asymptotically converge
with the actual error, an effective cover function selection scheme that identifies appropriate
nodes and degrees of cover functions, and minimizing the use of artificial parameters.
However, the proposed procedure does include several artificial constants, and different
values were applied for each example.

In a recent study, an automatic procedure for improving the accuracy of 2D solid finite
element analysis was developed, which included the 4-node quadrilateral element, free
from the linear dependence problem [25]. Unlike previous studies, this procedure uses
fewer artificial coefficients in the error estimation indicator and the cover function selection
scheme. However, this procedure still employs some artificial constants and is restricted to
2D finite element analysis.

This section outlines a novel adaptive enrichment procedure developed for 3D solid
finite element analysis. The procedure includes an error indicator that has been suggested
in previous research [25] and a cover function selection scheme aimed at reducing stress
jumps and accurately representing stress concentrations. Precise prediction of stress con-
centrations is crucial in practice as they have a critical impact on the failure process.

3.1. Error Indicator and Cover Function Selection Scheme

The indicator for error (Mi) and the normalized error (M̂i) are expressed as

Mi =
1
2

{
Ji

J
+

(
J
τ

)
τi
τ

}(
χi
Lc

)
(20)

and

M̂i =
Mi

Mmax
, M =

1
N

N

∑
i=1

Mi (21)

with

J =
1
N

N

∑
i=1

Ji, τ =
1
N

N

∑
i=1

τi, (22)

where τi is the averaged stress at node i, χi is the longest edge length of elements including
node i, N is the number of nodes in the finite element model, Mmax is the maximum value
of the error indicator, and Ji is the largest stress jump at node i [13,25].

The error indicator does not contain any artificial constants, and the normalized stress
term (τi/τ) incorporated in the error indicator enables it to have a significant value in
regions where high stress values occur [25]. A previous study [25] has confirmed that the
error indicator in (20) converges as the actual errors converge.

The values of J and τ in (20) can be zero, but this is not practically possible. In
such a case, using an adaptive enrichment scheme would not be required [2]. It is worth
mentioning that any stress value can be used as an error indicator in (20). For verification
purposes, von Mises stress is used in this paper.

Then, the index (Ii) is defined to describe the arrangement of the error indicators (Mi
with i = 1, 2, · · · , N) in ascending order, which is used in the cover selection scheme [25].
The ascending index (Ii) and normalized index ( Îi) are given by

Ii ∈ {1, 2, · · · , N} with MIi
< MIi+1

, (23)

and
Îi = Ii/N, (24)

in which N is the number of nodes in the finite element model.
Considering the ad hoc problem [13,24,28] in Figure 4a, the error indicator and the

index of the error indicator are expressed as given in Figure 5. The surface of the structure
at y = −1 is fixed, and the following body forces are applied to the entire structure:
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f B
x = −

(
∂τxx

∂x
+

∂τxy

∂y
+

∂τxz

∂z

)
, f B

y = −
(

∂τyx

∂x
+

∂τyy

∂y
+

∂τyz

∂z

)
, f B

z = −
(

∂τzx

∂x
+

∂τzy

∂y
+

∂τzz

∂z

)
, (25)

where the stress components are calculated from the displacement given by

u = (1− x2)
2
(1− y2)

2
(1− z2)

2emy cos(mx) sin(my) cos(mz),

v = (1− x2)
2
(1− y2)

2
(1− z2)

2emy sin(mx) cos(my) cos(mz),

w = (1− x2)
2
(1− y2)

2
(1− z2)

2emy cos(mx) cos(my) sin(mz),

(26)

with m = 5. The finite element model for HEX8 is constructed by dividing the problem
domain into cubes of side length 2/NE, resulting in a NE× NE× NE mesh. Similarly,
the finite element model for TET4 is obtained by subdividing each HEX8 into six TET4s,
resulting in a 6× NE× NE× NE mesh [24].
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3.2. Cover Function Selection Scheme

The cover function selection scheme aims to identify the optimal nodes and the
corresponding degrees of cover functions with minimal artificial parameters. In this study,
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we propose a new cover function selection scheme using the error indicator defined in
(20). This scheme adaptively selects the order of cover functions based on the level of error
without any artificial parameters.

The ratio of nodes at which the cover function is applied (α) is determined by intro-
ducing an auxiliary straight line using an averaged error indicator (M) in the normalized
index ( Îi) and normalized error indicator (M̂i) graph as shown in Figure 6. The value of α is
then determined based on the intersection of the auxiliary straight line with the normalized
index and normalized error indicator graphs. See Figure 6.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 9 of 24 
 

3.2. Cover Function Selection Scheme 
The cover function selection scheme aims to identify the optimal nodes and the 

corresponding degrees of cover functions with minimal artificial parameters. In this 
study, we propose a new cover function selection scheme using the error indicator defined 
in (20). This scheme adaptively selects the order of cover functions based on the level of 
error without any artificial parameters. 

The ratio of nodes at which the cover function is applied (  ) is determined by 
introducing an auxiliary straight line using an averaged error indicator ( M  ) in the 
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Using the value of α, the application of the cover functions for each node is determined
as follows:

di =


0
1
2

i f
i f
i f

Îi < 1− (α)
1− (α) < Îi < 1− (α/2).
1− (α/2) < Îi

(27)

Increasing the value of α leads to an increase in the ratio of nodes to which the cover
function is applied. In this study, the cover selection scheme is designed to apply cover
functions with higher degrees to nodes with larger errors and larger stress values.

The number of nodes to which the cover functions are applied can be controlled by
adjusting the value of α. If the value of alpha is set to 1, the cover function is applied to all
nodes. In Section 4, the results of the proposed scheme, which does not use any artificial
constants, are presented.

4. Numerical Examples

This section presents the results of the following numerical examples to prove the
performance of the proposed adaptive enrichment scheme: the ad hoc problem, gear
problem, tool jig problem, and connecting rod problem. The finite element models are
constructed using the following elements:

1. HEX8: standard 8-node hexahedral element
2. PRI6: standard 6-node prismatic element
3. PYR5: standard 5-node pyramidal element
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4. TET4: standard 4-node tetrahedral element

Note that the previous approach to automatically enhance the accuracy of finite
element solutions only considers the TET4 element because of LD problems [19] and
different artificial constants are adopted for each example. However, this study considers
various types of elements widely used and no arbitrary constant is included.

It is important to note that essential boundary conditions were imposed when applying
the proposed scheme to eliminate the rank deficiency problem. Only up to quadratic cover
functions were considered in this paper, but higher-order cover functions can be easily
incorporated by refining the cover function selection scheme in (26).

The solutions obtained using the adaptively enriched elements were compared with
those obtained using standard elements on the same finite element meshes. To confirm the
effectiveness of the proposed scheme, we evaluate displacements and von Mises stresses
at specific locations. Also, the relative error in strain energy (E) and maximum von Mises
stress (τ) are measured by

eE =

∣∣∣Ere f − Eh

∣∣∣
Ere f

, (28)

and

eτ =

∣∣∣τre f − τh

∣∣∣
τre f

, (29)

where the subscripts “ref ” and “h” denote that the values are calculated from the ref-
erence and finite element solutions, respectively. The reference solutions are either
analytical solutions or sufficiently converged numerical solutions obtained using fine
high-order elements.

4.1. Ad Hoc Problem

The first example is the ad hoc problem shown in Figure 4. For a detailed description,
see Section 3.1. Figures 7 and 8 show the distribution of the von Mises stress on the surface
at x = 0 obtained using the meshes constructed by HEX8 and TET4, respectively. In addition,
the order of the automatically selected cover functions at each node obtained from the
proposed scheme is depicted. Figure 9 shows the convergence curve of the relative error
in strain energy. Table 1 shows the error von Mises stress at point A. It can be seen that
the proposed scheme significantly improves the accuracy of the finite element solution.
Moreover, the distribution of the enriched nodes and the region of the high stress gradient
match well, indicating that the cover selection scheme is well-designed.

Table 1. Relative errors in strain energy (Eh) and maximum von Mises stress (τh) at point A for the ad
hoc problem using HEX8 and TET4 elements.

Element NE
Energy von Mises Stress

Standard
Solution

Adaptive
Solution

Standard
Solution

Adaptive
Solution

HEX8

6 9.66% 4.56% 60.48% 19.39%
8 13.68% 1.46% 16.21% 12.10%
10 11.48% 0.75% 8.03% 5.57%
12 8.72% 0.53% 5.05% 4.03%

TET4

6 58.36% 6.51% 46.86% 13.98%
8 42.94% 1.96% 39.86% 9.72%
10 31.72% 0.65% 32.98% 4.26%
12 23.98% 0.25% 26.96% 1.86%

Reference solution Ere f = 6.250× 1013 N m τre f = 1.538× 1012 N/m2
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4.2. Gear Problem

A gear problem as shown in Figure 10 is solved. The inner cylinder marked in blue is
fixed and a force of 1000 N in the y-direction is acting on the side of a gear tooth marked
in red. Young’s modulus E = 2.0× 1011 N/m2 and Poisson’s ratio ν = 0.3 are given.
The finite element model for the gear structure is composed of HEX8 and PRI6 elements.
Solutions are obtained considering two finite element meshes: a coarse mesh and a fine
mesh, as shown in Figure 11. The coarse mesh consists of 1310 HEX8 and 328 PRI6 elements,
while the fine mesh consists of 5340 HEX8 and 1062 PRI6 elements. The reference solution
was obtained using 10-node tetrahedral elements with the fine mesh.
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Figure 10. Description of the gear problem (E = 2.0× 1011 N/m2, ν = 0.3).

Figure 12 shows the von Mises stress distribution for the gear problem and the au-
tomatically selected cover functions for each node. Table 2 shows the relative error in
strain energy and the maximum von Mises stress. Table 3 represents adaptive information,
including added degrees of freedom, selected cover functions, and alpha determined by
the proposed method. The adaptive enrichment scheme provides more accurate results
in both meshes. In particular, comparing the result obtained from the enriched elements
with coarse mesh and the result obtained from standard elements with the fine mesh, it is
observed that the proposed scheme can effectively improve the solution accuracy.
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Table 2. Relative errors in strain energy (eE) and maximum von Mises stress (eτ) for the gear problem
using coarse and fine meshes.

Mesh
Strain Energy von Mises Stress

Standard
Solution

Adaptive
Solution

Standard
Solution

Adaptive
Solution

Coarse mesh 19.06% 9.84% 25.40% 9.65%
Fine mesh 7.44% 4.27% 12.72% 6.18%

Reference solution Ere f = 6.525 Nm τre f = 3.955× 101 N/m2

Table 3. Supplementary information on the adaptive enrichment scheme for the gear problem.

Mesh
DOFs

α

Number of Nodes

Standard
Solution

Adaptive
Solution None Linear

Cover
Quadratic

Cover

Coarse mesh 7308 17,469 0.22 2021 293 293
Fine mesh 24,579 47,637 0.15 7396 646 646

4.3. Tool Jig Problem

A tool jig problem is considered as shown in Figure 13. The structure is fixed along
its left surface at y = 0 and subjected to a distributed force p = 10 N/m2 along its upper
surface marked in red. Young’s modulus E = 2.0× 105 N/m2 and Poisson’s ratio ν = 0.3
are given. The coarse and fine meshes shown in Figure 14 are obtained using both HEX8
and PRI6 elements. The coarse mesh consists of 336 HEX8 and 12 PRI6 elements, while the
fine mesh consists of 2450 HEX8 and 8 PRI6 elements. The reference solution was obtained
using 27-node hexahedral elements with the fine mesh.
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Figure 13. Description of the tool jig problem (E = 2.0× 105 N/m2, ν = 0.3).

The von Mises stress distributions for the tool jig problem with coarse and fine meshes
are given in Figure 15. Moreover, the order of cover functions obtained from the adaptive
procedure at each node is depicted. Tables 4 and 5 provide the relative error in the maximum
von Mises stress and a summary of the adaptive solution procedure, respectively. The
results of the adaptive enrichment scheme show a significant improvement compared to
those without cover functions.
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Table 4. Relative errors in the maximum von Mises stress (eτ) for the tool jig problem using coarse
and fine meshes.

Mesh
von Mises Stress

Standard Solution Adaptive Solution

Coarse mesh 39.46% 14.73%
Fine mesh 28.83% 5.60%

Reference solution τre f = 8.324× 10−4 N/m2

Table 5. Supplementary information on the adaptive enrichment scheme for the tool jig problem.

Mesh

DOFs
α

Number of Nodes

Standard
Solution

Adaptive
Solution None Linear

Cover
Quadratic

Cover

Coarse mesh 1944 5040 0.25 506 86 86
Fine mesh 10,575 21,762 0.17 2999 310 311

4.4. Connecting Rod Problem

The next example is a connecting rod problem as shown in Figure 16. The structure
is fixed at the surfaces marked in blue and subjected to x- and y-directional forces with
Fx = −100 N and Fy = 100 N, respectively, at the surface marked in red. The given
values for Young’s modulus and Poisson’s ratio are E = 2.0× 1011 N/m2 and ν = 0.3,
respectively. For the connecting rod problem, coarse and fine meshes are considered
as shown in Figure 17. The coarse mesh is constructed using a total of 1558 elements
(428 HEX8, 86 PRI6, and 1044 TET4) and the fine mesh is constructed using a total of
6463 elements (2540 HEX8, 8 PRI6, 246 PYR5, and 3369 TET4). The reference solution was
obtained using 10-node tetrahedral elements with fine mesh.
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Table 6 provides the relative error in the maximum von Mises stress. Table 7 gives
detailed information on the adaptive solution procedure including DOFs, order of cover
functions, and α. Figure 18 shows the von Mises stress distributions obtained from the
standard solution procedure and adaptive solution procedure, respectively, including the
automatically determined cover functions at each node. The adaptive cover functions are
applied selectively to each node where stress concentrations or jumps occur. Comparing
the standard solution obtained from the fine mesh with 13,854 DOFs and the adaptive
solution obtained from the coarse mesh with 7179 DOFs, the proposed adaptive enrichment
scheme can effectively improve the accuracy of the solution.
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Table 6. Relative errors in the maximum von Mises stress (eτ) for the connecting rod problem using
coarse and fine meshes.

Mesh
von Mises Stress

Standard Solution Adaptive Solution

Coarse mesh 39.11% 19.32%
Fine mesh 23.73% 8.35%

Reference solution τre f = 9.872× 101 N/m2

Table 7. Supplementary information on the adaptive enrichment scheme for the connecting
rod problem.

Mesh
DOFs

α

Number of Nodes

Standard
Solution

Adaptive
Solution None Linear

Cover
Quadratic

Cover

Coarse mesh 3435 7179 0.19 898 104 104
Fine mesh 13,854 23,268 0.11 4178 262 262

4.5. Proximal Femur Problem

We solved a proximal femur problem shown in Figure 19 as an application to biome-
chanics. The femur is subjected to a set of loads marked as red and black in Figure 19a.
Loads represent the reaction force generated during walking. For the boundary conditions,
the bottom surface of the femur marked as blue in Figure 19b is fixed. Taking into account
the characteristics of the bone structure, the femur consists of two inhomogeneous and
orthotropic materials as follows:
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For the cortical bone,

E1 = 2065ρ3.09, E2 = E3 = 2314ρ1.57[MPa]

v12 = 0.25, v23 = 0.4, v31 = 0.25

G12 = G12maxρ2

ρ2
max

, G23 = G23maxρ2

ρ2
max

, G31 = G31maxρ2

ρ2
max

[GPa]

G12max = 6.58, G23max = 5.71, G31max = 7.11[GPa]

, (30)

and for the cancellous bone,

E1 = 1904ρ1.64, E2 = E3 = 1157ρ1.78[MPa]

v12 = 0.25, v23 = 0.4, v31 = 0.25

G12 = G12maxρ2

ρ2
max

, G23 = G23maxρ2

ρ2
max

, G31 = G31maxρ2

ρ2
max

[GPa]

G12max = 6.58, G23max = 5.71, G31max = 7.11[GPa]

, (31)

where ρ is the apparent density obtained from the medical image-based voxel data. The
distribution of the apparent density is given in Figure 20 with the mesh for the proximal
femur problem. The mesh consists of a total of 10,543 elements (819 HEX8, 928 PYR5, and
8796 TET4). The reference solution was obtained using 10-node tetrahedral elements with
the fine mesh.

Figure 21 shows the distribution of the von Mises stress obtained from the standard
and adaptive solutions including automatically adopted cover functions. The relative
error in the maximum von Mises stress and supplementary information on the adaptive
procedure are given in Table 8. The solution accuracy can be automatically improved even
for inhomogeneous and orthotropic materials.
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Table 8. Summary of the adaptive enrichment scheme and relative errors in the maximum von Mises
stress (eτ) for the proximal femur problem. The reference value τre f = 4.805× 101 N/m2.

DOFs
α

Number of Nodes von Mises Stress

Standard
Solution

Adaptive
Solution None Linear

Cover
Quadratic

Cover
Standard
Solution

Adaptive
Solution

9627 24,189 0.25 2429 415 415 33.3% 8.9%
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5. Discussion

This paper introduces an automatic procedure for adaptive enrichment, designed to
improve the accuracy of 3D solid finite element solutions. We employ the enriched 3D solid
finite elements free from the linear dependence problem. The proposed procedure first
estimates the error at each node using the error indicator and then applies an appropriate
degree of cover functions (up to quadratic) to selected nodes using the cover function
selection scheme. The proposed procedure can enhance the solution accuracy without
requiring mesh refinement.

Several examples were presented to validate the effectiveness of the proposed proce-
dure. Notably, the accuracy of the solution demonstrated a marked improvement, especially
in terms of the maximum von Mises stress, a key concern in engineering practice. In the
case of the ad hoc problem with a coarse mesh, the error in the maximum von Mises
stress was reduced from 60.48% to 19.39%. Furthermore, the results from other cases also
demonstrated the effectiveness of the proposed procedure.

In future studies, the automatic procedure for adaptive enrichment could be extended
to shell analysis [26–31], other physical problems [32–37], and other finite element methods
like smoothed FEM [38]. It could also be applied to dynamic analysis, such as component
mode synthesis (CMS) methods, to enhance the precision of dominant component modes
through the adaptive application of cover functions [39–41].
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